Generation-recombination noise of magnetic
monopoles in spin ice
Alexey V. Klyuev
Stochastic Multistable Systems
Laboratory
National Research Lobachevsky State
University of Nizhni Novgorod
Nizhni Novgorod, Russia
klyuev@rf.unn.ru

Mikhail I. Ryzhkin
Laboratory of semiconductors surface
spectroscopy
Institute of Solid State Physics (ISSP)
Russian Academy of Sciences
Chernogolovka, Moscow District
ryzhkin@bk.ru

Abstract—We theoretically investigate the fluctuations in
the number of emergent magnetic monopoles in spin ice. The
Langevin equation for these fluctuations is deduced. That
allows us to calculate the spectrum of relative fluctuations,
which can be measured experimentally.
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I. INTRODUCTION
In the last time there was a lot of works, due to a great
interest in the study of spin ice [1]. Such an interest was
caused by the theoretical prediction of unusual magnetic
defects in spin ice, which were called as emergent magnetic
monopoles [2, 3].
Originally, the term “spin ice” was applied to the
compounds such as Ho2Ti2O7. Magnetic ions in them are
located at the vertices of regular tetrahedra linked into a three
dimensional pyrochlore lattice. Due to the strong anisotropy,
the magnetic moments can be directed either toward the
center of each tetrahedron, or away from this center. Note
that dual lattice formed by the centers of the tetrahedra is a
usual diamond lattice. The ground state of spin system is
characterized by the ice rule: two spins of each tetrahedron
are directed toward its center and two other ones away from
its center (Fig.1 a). This corresponds to a distribution of
electrical dipole moments hydrogen bonds in hexagonal ice,
solid phase of water in natural conditions [1]. That justifies
the term “spin ice”. Subsequently, this term began to apply to
any two-dimensional and three-dimensional systems in
which the magnetic moments (spins) are distributed in
accordance with the ice rules.
The flipping of an arbitrary spin in ground state
configuration, which takes place at finite temperatures,
breaks the ice rule in two neighboring tetrahedra. One
tetrahedron has three spins directed “in”, and one – “out”,
while its neighbor has one “in” and three – “out” (Fig. 1 b).
These tetrahedra can be considered as positive and negative
emergent magnetic monopoles, respectively. The positive
magnetic monopole is a magnetic analogue of a positive ion
in water ice. Accordingly, the negative magnetic monopole is
a magnetic analogue of a negative ionic defect in water ice
[2]. As one can see from Fig. 1, the flipping of any of three
identical magnetic spins of the defect is equivalent to the
defect movement to another site. This movement is not
accompanied by the formation of new defect and by the
increase of energy. By means of further spin flips the
magnetic monopoles can move through the lattice and
thereby change the spin configuration. Monopoles play the
role of classical quasiparticles, which movement through the
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lattice change the spin configuration on all the distance
traveled, resulting in the formation of a “spin spaghetti” [3].
Therefore, in comparison with defects in semiconductors,
which may negatively influence on characteristics of devices
[4–9], magnetic defects in spin ice [10–15] play the positive
role of carriers of magnetic charge. But, in spin ice (in
difference with ordinary ice [16–21]) a direct current of
magnetic monopoles is impossible.
The purpose of our work is the investigation of the
fluctuations in the number of magnetic monopoles. To
implement this we derive the Langevin equation for these
fluctuations by the Einstein–Fokker–Planck equation
method. That allows us to calculate the spectrum of relative
fluctuations in the number of magnetic monopoles. Then we
discuss a possible relation of fluctuations in the number of
pairs of magnetic monopoles with measurable characteristic
of spin ice and an experimental display of obtained results.
II.

GENERATION-RECOMBINATION NOISE OF MAGNETIC
MONOPOLES

To analyze fluctuations in the number of magnetic
monopoles, we consider the processes of generation and
recombination of magnetic monopoles pairs [22]. It is the
simplest stochastic analysis, which shows that these
fluctuations can be described by the Langevin equation.
Thus, these fluctuations can be considered as generation–
recombination noise of quasiparticles (magnetic monopoles).
The spectrum of this noise is determined.
positive
magnetic monopole

negative
magnetic
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Fig. 1. (a): two neighboring tetrahedra obeying the ice rule, two spins are
directed “in” and two – “out”. (b): inverting the shared spin generates a pair
of magnetic monopoles.

To derive the basic equation we make the following
approximations and assumptions.
(a) We assume that monopoles are created and
annihilated in pairs. Thus, we introduce the concentration of
monopole pairs instead of the concentrations of monopoles.

(b) We assume that only one pair can be created or
annihilated over a sufficiently small time dt.

Eq. (4) allows determining of the spectrum SδN(f) of
relative fluctuations in the number of pairs:

(c) We discuss relatively small temperatures at which the
concentration of monopoles is low. In this case, we can
consider the monopoles as non-interacting quasiparticles.
At the first step we use standard treatment for
generation–recombination noise, see, e.g., [23]. We consider
probability P(N, t) of the event that N pairs of quasiparticles
(magnetic monopoles) are present at time t. This probability
is changed on value dP during time dt due to following
transitions:

Sδ N ( f ) =

4τ 0
1 + ( 2π fτ 0 ) 2

⋅ σ δ2N .

(6)

Now we can investigate the dependence of this spectrum
on the magnitude τ0 (see Fig. 2), assuming the variance of the
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fluctuations constant, σδN = const.
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Here transitions, which are specified in the first line,
reduce the probability, i.e. dP < 0. On the contrary,
remaining two transitions give dP > 0. Transitions, marked
by symbol “g” above the arrow, are caused by the generation
of a pair; respectively, the symbol “r” means recombination
of the pair.
The rates of generation, g = g(N), and recombination,
r = r(N), depend only on number N of the pairs at time t.
These rates determine the probability g⋅dt of generation and
r⋅dt of recombination of one pair over an arbitrarily small
time dt. As a result, the analysis of transitions (1) leads to the
Einstein–Fokker–Planck equation [24] for P(N, t):
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Fig. 2. Dependence of the spectrum on the magnitude τ0.

While relaxation time τ0 is increased the height of the
spectrum is increased proportionally to τ0, and the width is
decreased as τ0−1. Thus, an increase of the lifetime of
∂P
∂
1 ∂2
=−
[K1(N ) ⋅ P] +
[K 2 (N ) ⋅ P ] .
(2) quasiparticles τ0 leads to increased low-frequency
∂t
∂N
2 ∂N 2
component of fluctuations of generation-recombination of
quasiparticles and to attenuation of high frequency
Kinetic coefficients in this equation are determined by
components.
the generation and recombination rates of monopoles pairs:
III. RELATION OF FLUCTUATIONS IN THE NUMBER OF
K1(N) = g (N) – r (N) , K2(N) = g (N) + r (N).
(3) PAIRS OF MAGNETIC MONOPOLES WITH MAGNETIC MOMENT
Very often in literature pairs of magnetic monopoles,
At this stage, we restrict the analysis by the stationary
which are formed by inverting the shared spin (Fig.1 b), are
case. We consider the relative fluctuations in the number of
called bound. On the other hand, the magnetic monopoles,
pairs δN = δN(t) near the stationary state N0. Thus, the total
which move through the lattice, are called unbound or free.
2
number of pairs is N=(1+δN)⋅N0. The variance σδN of these
But, the “unbound” or “free” monopoles are bounded by the
fluctuations is assumed to be sufficiently small, σδN2<<1.
“spin spaghetti”, which is formed by changing of the spin
configuration along the way of monopole.
Eq. (2) corresponds to the following equation for
Following [10], we define number nb of bound, and
fluctuations in N(t):
unbound (free) nu pairs, N0 = nb + nu – the total number of
pairs, and α = nu/N0 – the degree of dissociation.
d
σ δ2N
1
δN =− δN +2
⋅ ζ (t ) .
(4)
We now assume that the vast majority of pairs of
dt
τ0
τ0
quasiparticles remain in a bound state, i.e. α << 1, and one
pair of bound quasiparticles interacts weakly with another
Here ζ(t) is stationary white noise with normalized
pair. Thus, N0 ≈ nb – the total number of pairs is
spectrum Sζ(f) = 1 [Hz/Hz]. Note that eq. (4) coincides in
approximately constant at a given temperature.
form with the Langevin equation, see, e.g. [23]. Here τ0 is the
A small change, caused by small perturbation in
relaxation time, defined via the difference of derivatives
concentration of unbound (free) pairs Δnu, yields small
from velocities of recombination and generation, taken in
change Δα in degree of dissociation. The relaxation of Δα is
point N0:
determined by recombination of unbound pairs. The authors
of paper [10], in terms of theory of magnetic Wien effect in
−1
⎡ d(r − g )
⎤
the weak field limit, conclude that fluctuations Δα cause
τ0 = ⎢
(5) proportional fluctuations ΔM in magnetic moment. In our
⎥ .
d
N
No ⎦
⎣
case of a small change in concentration nu we have N =
nb + nu + Δnu, or N = N0 + Δnu. That is N = N0⋅(1 + Δnu/N0) =

N0⋅(1 + Δα). Thus, Δα = δN – fluctuations in N through the
fluctuations in α (eq. (8) in [10]) lead to fluctuations in
magnetic moment:

ΔM ∝

μ 0Q3
⋅ δN .
8πkT

[7]

(8)

Here SΔM(f) is the spectrum of absolute fluctuations of
magnetic moment. It can be expected, that measurement of
fluctuations in the magnetic moment may give access to
information about fluctuations in the number of pairs of
magnetic monopoles in spin ice.
Finally we note that in a spin ice a few relaxation times
may exist. As a result, the total spectrum SδN(f) in eq. (8) of
relative fluctuations in the number of pairs of monopoles
may be a superposition of spectra (6) with different
relaxation times.
Experimental proof of this result is given in [25]. The
authors reported development of a high-sensitivity
superconducting quantum interference device (SQUID)
based
flux-noise
spectrometer,
and
consequent
measurements of the frequency and temperature dependence
of spectral density of magnetic-flux noise due to generationrecombination fluctuations of magnetic monopoles for
Dy2Ti2O7 samples. Virtually all the elements predicted in
[22] for the fluctuations in the number of magnetic
monopoles, including the existence of intense magnetization
noise and its characteristic frequency, were detected
experimentally.
IV. CONCLUSIONS
We investigated the fluctuations in the number of pairs of
magnetic monopoles. It is shown that these fluctuations can
be described by equation of Langevin type. The spectrum of
the fluctuations is determined and analyzed. The way how to
detect these fluctuations by the measurement of the magnetic
moment fluctuations is suggested. Our theoretical results are
in agreement with experimental results of other authors.
REFERENCES

[2]
[3]
[4]

[8]

[9]

2

[1]

[6]

(7)

Here μ0 is the permeability of the vacuum, Q is the
elementary magnetic charge, k is the Boltzmann's constant,
T is the temperature.
For spectra we can write following equation:
⎛ μ Q3 ⎞
S ΔM ( f ) ∝ ⎜ 0 ⎟ ⋅ SδN ( f ) .
⎜ 8πkT ⎟
⎝
⎠

[5]

M. J. Harris, S. T. Bramwell, D. F. McMorrow, T. Zeiske and K. W.
Godfrey, “Geometrical Frustration in the Ferromagnetic Pyrochlore
Ho2Ti2O7,” Phys. Rev. Lett., vol. 79(13), pp. 2554–2557, 1997.
I. A. Ryzhkin, “Magnetic relaxation in rare-earth oxide pyrochlores,”
J. Exp. Theor. Phys., vol. 101, pp. 481–486, 2005.
C. Castelnovo, R. Moessner and S. L. Sondhi, “Magnetic Monopoles
in Spin Ice,” Nature, vol. 451, pp. 42–45, 2008.
A. V. Yakimov, A. V. Klyuev, E. I. Shmelev, A. V. Murel and V. I.
Shashkin, “1/f noise in Si delta-doped Schottky diodes,” 20th
International Conference on Noise and Fluctuations - ICNF 2009,
Pisa, pp. 225–228, 2009. DOI:10.1063/1.3140436

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]
[18]

[19]

[20]

[21]

[22]

[23]
[24]
[25]

S. M. Bezrukov, L. K. J. Vandamme and L. B. Kish, “Special Section
on 1/F Noise: A Preface,” Fluct. Noise Lett., vol. 10(4), pp. 417–418,
2011. DOI:10.1142/S0219477511000727.
E. I. Shmelev, A. V. Klyuev and A. V. Yakimov, “Complexes of
Spatially Multistable Defects as the Source of 1/f Noise in GaAs
Devices,” Fluct. Noise Lett., vol. 12(1), pp. 1350008(1)–1350008(13),
2013. DOI: 10.1142/S0219477513500089.
A. V. Klyuev, E. I. Shmelev and A. V. Yakimov, “Physical origins of
1/f noise in Si delta–doped Schottky diodes,” Fluct. Noise Lett., vol.
13(1),
1450003(1)–1450003(16),
2014.
DOI:
10.1142/S0219477514500035.
A. V. Klyuev and A. V. Yakimov, “1/f noise in GaAs nanoscale lightemitting structures,” Physica B, vol. 440, pp. 145–151. 2014.
DOI:10.1016/j.physb.2014.01.021.
A. V. Klyuev, A. V. Yakimov and I. S. Zhukova, “1/f noise in Ti–
Au/n-type GaAs Schottky barrier diodes,” Fluct. Noise Lett., vol.
14(3),
1550029(1)–1550029(12),
2015.
DOI:
10.1142/S0219477515500297.
S. T. Bramwell, S. R. Giblin, S. Calder, R. Aldus, D. Prabhakaran and
T. Fennell, “Measurement of the charge and current of magnetic
monopoles in spin ice,” Nature, vol. 461, pp. 956–959, 2009.
DOI:10.1038/nature08500.
L. D. C. Jaubert and P. C. W. Holdsworth, “Signature of magnetic
monopole and Dirac string dynamics in spin ice,” Nature Physics
vol. 5, pp. 258–261, 2009. DOI: 10.1038/NPHYS1227.
S. R. Giblin, S. T. Bramwell, P. C. W. Holdsworth, D. Prabhakaran
and I. Terry, “Creation and Measurements of Long-Lived Magnetic
Monopole Currents In Spin Ice,” Nature Physics, vol. 7, pp. 252–258,
2011.
C. Paulsen, M. J. Jackson, E. Lhotel, B. Canals, D. Prabhakaran, K.
Matsuhira, S. R. Giblin and S. T. Bramwell, “Far-from-equilibrium
monopole dynamics in spin ice,” Nature Physics, vol. 10, pp. 135–
139, 2014. DOI: 10.1038/NPHYS2847.
M. I. Ryzhkin, I. A. Ryzhkin and S. T. Bramwell, “Dynamic
susceptibility and dynamic correlations in spin ice,” Europhysics
Letters, vol. 104(3), pp. 37005(1)–37005(6), 2013.
I. A. Ryzhkin, A. V. Klyuev, M. I. Ryzhkin and I. V. Tsybulin,
“Stability of the Coulomb phase in spin ice at finite temperature,”
JETP Letters, vol. 95(6), pp. 302–306, 2012. DOI:
10.1134/S0021364012060082.
J. D. Bernal, H. R. Fowler, “A Theory of Water and Ionic Solution,
with Particular Reference to Hydrogen and Hydroxyl Ions,” J. Chem.
Phys., vol. 1, pp. 515–548, 1933.
I. A. Ryzhkin, “Frustration model of proton disorder in ice,” Solid
State Commun., vol. 52, pp. 49–52, 1984.
A. V. Klyuev, I. A. Ryzhkin and M. I. Ryzhkin, “Generalized
dielectric permittivity of ice,” JETP Letters, vol. 100(9), pp. 604–608,
2015. DOI: 10.1134/S0021364014210073.
I. A. Ryzhkin, “Thermodynamics of ice: not obeying the rules,”
Nature Physics, vol. 12, pp. 996–997, 2016. DOI:
10.1038/nphys3853.
M. I. Ryzhkin, A. V. Klyuev, V. V. Sinitsyn and I. A. Ryzhkin,
“Liquid state of a hydrogen bond network in ice,” JETP Letters, vol.
104(4), pp. 248–252, 2016. DOI: 10.1134/S0021364016160013.
I. A. Ryzhkin, M. I. Ryzhkin, V. V. Sinitsyn and A. V. Klyuev,
“Model of a Surface Liquid-Like Layer of Ice,” JETP Letters, vol.
106(11), pp. 760–764, 2017. DOI: 10.1134/S0021364017230114.
A. V. Klyuev, M. I. Ryzhkin and A. V. Yakimov, “Statistics of
fluctuations of magnetic monopole concentration in spin ice,” Fluct.
Noise Let., vol. 16(4), pp. 1750035(1)–1750035(8), 2017. DOI:
10.1142/S0219477517500353.
A. Van der Ziel, Noise. Sources, Description, Measurement, 1970
Prentice–Hall, Inc., Englewood Cliffs.
C. W. Gardiner, Handbook of Stochastic Methods, 1985 2nd edn.
Berlin, Springer, ISBN 3-540-61634-9.
R. Dusad, F.K.K. Kirschner, J.C. Hoke, B. Roberts, A. Eyal, F.
Flicker, G.M. Luke, S.J. Blundell and J.C. Séamus Davis, “Magnetic
Monopole Noise,” arXiv:1901.10044v1 [cond-mat.quant-gas]
(Submitted on 29 Jan 2019).

